Motivation
Let Υ be an object (e.g tensor) whose isotropy group under the action of SO(n k ) is H k ⊆ SO(n k ). Consider H k structures (N n k , g, Υ) with Levi-Civita connection Γ ∈ so(n k ) ⊗ R n k uniquely decomposable according to:
where Γ ∈ h k ⊗ R n k and T ∈ Λ 3 (R n k ). A h k -valued connection Γ of H k structure is called characteristic connection.
We could ask the following questions: (1) In which dimensions n k of N does such a decomposition exist? (2) What is Υ which reduces SO(n k ) to H k for them? (3) What are the possible isotropy groups H k of SO(n k )?
Moreover, if T ∈ Λ 3 (R n k ) was identically zero, then since Γ = Γ, the holonomy group of (N n k , g, Υ) would be reduced to H k ⊆ SO(n k ). All irreducible compact Riemannian manifold (N n k , g, Υ) with reduced holonomy group are classified by Berger; In this note we will focus on irreducible symmetric spaces G/H from Cartan's list, with the holonomy group H k ⊆ SO(n k ). The simplest irreducible symmetric space in Cartan's list is N 5 = SU (3)/SO(3).
Pawel Nurowski [21] studied 5-dimensional manifolds (N, g, Υ) and states that such Υ whose isotropy group under the action of SO (5) is the irreducible SO(3) is determined by the following conditions:
(1) Υ ijk = Υ (ijk) (totally symmetric) (2) Υ ijj = 0 (trace-free) (3) Υ ijk Υ lmi + Υ lji Υ kmi + Υ kli Υ jmi = g jk g lm + g lj g km + g kl g jm . The tensor Υ can be defined by means of a homogeneous polynomial of degree 3: In dimensions n k = 5, 7, 13 and 26 tensor Υ reduces the GL(n k , R) via O(n k ) to a subgroup H k , where:
• For n 1 = 5 the group H 1 is the irreducible SO(3) in SO (5); The torsionless compact model is SU (3)/SO(3) • For n 2 = 8 the group H 2 is the irreducible SU (3) in SO (8) ; The torsionless compact model is SU (3)/SU (3)/SU (3) • For n 4 = 14 the group H 4 is the irreducible Sp(3) in SO (14) ; The torsionless compact model is SU (6)/Sp(3) • For n 8 = 26 the group H 8 is the irreducible F 4 (3) in SO (26) ; The torsionless compact model is E 6 /F 4 .
Pawel Nurowski does not give complete proof for his claim, in this note we show how this claim can be reduced to a classification result on principle orbits of rank 2 symmetric spaces by Hsiang and Lawson [15] ; For this purpose we will give a brief introduction to the theory of isoparametric hypersurfaces in section 2, then we will see the argument of the claimed statement in section 3. Finally we end this note with inhomogeneous isoparametric hypersurfaces whose construction is nicely related to Clifford algebras, and we will collect open problems in isoparametric hypersurfaces at the end of this note.
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Basic Properties of isoparametric hypersurfaces
Definition 2.1. A family of isoparametric hypersurface of a Riemannian manifoldM n is a collection of level sets of a non-constant, real valued and smooth function f defined on an open and connected subset ofM n such that the gradient and Laplacian of f satisfy
where F 1 , F 2 are smooth functions : R → R. Such f with this properties is called isoparametric function.
Hence |grad(f )| 2 and ∆(f ) are functions of f and these quantities are constant on each level set of f . Constancy of the gradient along the level set of a function f implies that the families {f −1 (c)} are parallel. We show that constancy of the Laplacian together with constancy of the gradient implies that the mean curvature of the hypersurface is constant, for this purpose assume that f is as above and M n−1 c = {x ∈M n |f (x) = c} is a nonsingular (grad(f ) = 0) hypersurface. Under this assumption
is a unit normal vector field to the hypersurface M n−1 c . The second fundamental form h for M n−1 c is given by
where H f denotes the Hessian of the function f onM n . The mean curvature (=trace of h) is given by
but (1) implies that (4) is constant, that is, each hypersurface has constant mean curvature. If we assume that the ambient spaceM n is a manifold with constant sectional curvature then hypersurface M n−1 has constant mean curvature if and only if its all principal curvatures are constant [20] . Actually this fact is a starting point in order to do our main job, so let to state this as a new definition.
Definition 2.2. Let M n−1 be an immersed hypersurface in a simply connected, complete Riemannian manifoldM n with constant sectional curvature, in particular letM n be R n , S n or H n , then we call M n−1 an isoparametric hypersurface if all its principal curvatures are constant.
Notice that in general it is not true that isoparametric hypersurfaces in any Riemannian manifold have constant principal curvatures. Examples have been found in P n (C) by Wang [25] . Now we can also give a more intuitive geometric definition of isoparametric hypersurface. Definition 2.3. LetM n be a real space-form namely R n , H n and S n then an isoparametric family of hypersurfaces is a family of parallel hypersurfaces g t : M n−1 →M n obtained from a hypersurface g : M n−1 →M n with constant principal curvatures ForM n = R n , the formula for g t is
and forM n = S n , the formula for g t is g t (x) = cos t g(x) + sin t ξ(x). (6) There is a similar formula in hyperbolic space (see, for example, [7] ).
In 1938 Segre [22] showed that an isoparametric hypersurface in R n can have at most two distinct principal curvatures, and it must be an open subset of a hyperplane, hypersphere or spherical cylinder S k ×R n−k . A similar result holds for H n . Thus isoparametric hypersurfaces in this two cases are completely classified. However conditions in S n do not lead to such strong restrictions, and Cartan found far more examples of isoparametric hypersurfaces in S n that are all geometrically interesting. Nevertheless till now there is no complete classification of isoparametric hypersurfaces of S n . From now on we will only focus on isoparametric hypersurfaces on S n and all discussion will be on spherical case. But before starting to give a classification we need some preparation.
Locally, for sufficiently small values of t, the map g t (6) is also an immersed hypersurface. However, the map g t may develop singularities at the focal points of the original hypersurface g(M n−1 ). More precisely: Definition 2.4. Let M n−1 be an immersed hypersurface in S n and let ξ be a unit normal vector field. A point y 0 ∈ S n is called focal point of (M n−1 , x 0 ) where x 0 ∈ M n−1 , if (7) y 0 = cos t 0 x 0 + sin t 0 x 0 , for some t 0 and if the differential of the mapping
is singular at (x 0 , t 0 ). A point y 0 is called a focal point of M n−1 if it is focal point of
We see that
is a focal point of (M n−1 , x 0 ) if and only if cot t 0 is one of the principal curvatures. Now assume that M n−1 has p distinct constant principal curvatures
where A is the shape operator. The distribution
is integrable and any maximal integral manifold M i (x) of T i (x) through x is totally geodesic in M n−1 and umbilical as a submanifold of S n . Moreover if M n is connected and compact, then M i (x) is a m i -dimensional small sphere of S n . We define a differential mapping g i :
where θ i =arcota i . The differential of g i at x has T i (x) as the null space and injective on the subspace k =i T k (x) of T x M . It follows that for each point x there is a local coordinate system u 1 , ..., u n with origin x such that g i is a one-to-one immersion of the slice u 1 = ... = u m i into S n , the image being contained in g i (M n−1 ). In this way . If a i = cot θ i is one of the principal curvatures of M n−1 at x ∈ M n−1 , then the corresponding principal curvature of M n−1 t at the point x t is cot(θ − t). The geodesic distance from x 0 to g i (x 0 ) is θ i and the geodesic distance from x t to g i (x 0 ) is θ − t. This means that the focal submanifold of M n−1 t corresponding to the principal curvature cot(θ − t) coincides with focal submanifold of M n−1 corresponding to cot θ i . Hence all isoparametric hypersurfaces in the family have the same focal submanifold. Moreover we will see later that each family of isoparametric hypersurface has two focal submanifolds.
Münzner published two preprints that greatly extended Cartan's work and have served as the basis for much of the research in the field since that time. The preprints were eventually published as papers [17, 18] in 1980-1981. In the first paper [17] , Münzner began with a geometric study of the focal submanifolds of an isoparametric hypersurface g : M n−1 → S n with p distinct principal curvatures. Using the fact that each focal submanifold of g is obtained as a parallel map g t , where cot t is a principal curvature of g(M n−1 ), Münzner computed a formula for the shape operator of the focal submanifold g t (M n−1 ) in terms of the shape operator of g(M n−1 ) itself. Then by using a symmetry argument, he proved that if the principal curvatures of g(M n−1 ) are written as cot θ k , 0 < θ 1 < · · · < θ p < π, with multiplicities m k , then
and the multiplicities satisfy m k = m k+2 (subscripts mod p). Thus, if p is odd, all of the multiplicities must be equal, and if p is even, there are at most two distinct multiplicities.
If cot t is not a principal curvature of g, then the map g t in equation (6) is also an isoparametric hypersurface with p distinct principal curvatures cot(θ 1 −t), . . . , cot(θ p −t). If t = θ k (mod π), then the map g t is constant along each leaf of the m k -dimensional principal foliation T k , and the image of g t is a smooth focal submanifold of g of codimension m k + 1 in S n . All of the hypersurfaces g t in a family of parallel isoparametric hypersurfaces have the same focal submanifolds.
In a crucial step in the theory, Münzner then showed that g(M n−1 ) and its parallel hypersurfaces and focal submanifolds are each contained in a level set of a homogeneous polynomial F of degree p satisfying the following Cartan-Münzner differential equations involving the Euclidean differential operators grad F and Laplacian △F on R n+1 ,
where m 1 , m 2 are the two (possibly equal) multiplicities of the principal curvatures on f (M n−1 ). Conversely, the level sets of the restriction F | S n of a function F satisfying equations (13) constitute an isoparametric family of hypersurfaces and their focal submanifolds, and F is called the Cartan-Münzner polynomial associated to this family. Furthermore, Münzner showed that the level sets of F are connected, and thus any connected isoparametric hypersurface in S n lies in a unique compact, connected isoparametric hypersurface obtained by taking the whole level set.
The values of the restriction F | S n range between −1 and +1. For −1 < t < 1, the level set (1) and M − = (F | S n ) −1 (−1) are focal submanifolds. Thus, there are exactly two focal submanifolds for the isoparametric family, regardless of the number p of distinct principal curvatures. Each principal curvature cot θ k , 1 ≤ k ≤ p, gives rise to two antipodal focal points corresponding to the values t = θ k and t = θ k + π in equation (12) . Now we can start our classification, let p be a number of distinct principal curvatures of isoparametric hypersurface in S n then Cartan himself could comletely classified all isoparametric heypersurfaces with p ≤ 3 and gave examples with p = 4. In the next coming paragraph we explain his work.
In the case p = 1, M n−1 is an open subset of a great or small hypersphere in S n . If p = 2, then M n−1 must be a standard product of two spheres,
where n = a + b + 1.
The case p = 3 is one of the interesting case, here we see why we have such a restricted dimensions in Theorem 1.1. Cartan [5] showed that this case can occur only in a certain dimensions of sphere, in particular in dimensions 4, 7, 13 and 25 of sphere. Isoparametric hypersurfaces with p = 3 must be a tube of constant radius over a standard embedding of a projective plane P 2 (F) into S n (see, for example, [9, pp. 296-299]), where F is the division algebra R, C, H (quaternions)
where r = |x| for x ∈ R n+1 , and grad F is the gradient of F in R n+1 . This was a forerunner of Münzner's general result (13) that every isoparametric hypersurface is algebraic, and its defining polynomial satisfies certain differential equations which generalize those that Cartan found in this special case. When p = 3, then Cartan obtained homogeneous polynomial F of degree 3
where for,
Unfortunately we could not understand (for language and notation problem of old text) how Cartan argued for dimension problem in this case. However Prof. Dirk Ferus [11] gave us one alternative argument based on an unpublished paper of Prof. H. Karcher which we are going to explain it in next paragraph. We also refer to one another argument in [10] by Console and Olmos, they related the shape operator of the hypersurface to the Clifford system then by using representation theory of Clifford algebra they showed that isoparametric hypersurface of S n with three distinct principal curvatures can only occur in dimension 4, 7, 13 and 25.
The goal is to construct a certain division algebra by using the properties of isoparametric hypersurfaces with 3 distinct principal curvatures then our argument follows from dimension of this division algebra. Consider a manifold M with covariant derivative ∇. The latter extends naturally to the tensor algebra of M . In particular, for a (1,1)-tensor field A we have
Now consider an isoparametric hypersurface g : M n−1 → S n with shape operator A and principal curvatures λ i . Put E i :=ker(A − λ i Id), and take vector fields (17) (
Using Codazzi's equation (∇ X A).Y = (∇ Y A).X we obtain moreover
and therefore
Hence, by (18) and (19), (20) (
This shows that E i are integrable, and its integral manifolds the λ i −leaves, are totally geodesic in M . If the ambient space is a sphere, the leaves are small spheres, and the idea is the reconstruction of the immersion g by moving the leaves along each other.
We now restrict to the case p = 3, that is, M is hypersurface in S n with three distinct principal curvatures λ 1 , λ 2 and λ 3 with multiplicities m 1 , m 2 and m 3 respectively. Since the number of distinct principal curvatures is odd, all multiplicities must be equal, so let m := m 1 = m 2 = m 3 then n = 3m + 1. Hence the isoparametric hypersurface is immersed in an (3m + 1)-dimensional sphere, and it suffices to show that m can be only 1, 2, 4, 8. If we choose isomorphisms ρ : E 2 → E 1 and σ :
for Y, Z ∈ E 2 defines a division algebra on E 2 . Note that (∇ ρ(Y ) A).Z ∈ E 3 for Y, Z ∈ E 2 by (18). Hence m = dimE 2 ∈ {1, 2, 4, 8} and from this we obtain that dimensions of sphere having isoparametric hypersurfaces with three distinct principal curvatures can be only 4, 7, 13 and 25. From the classification of those algebra, we conversely get information on ∇A, i.e on the initial condition for the equation of motion of A along the λ i -leaves. This allows the construction of g. Thus, in case p = 3 not only the multiplicities are known, but the isoparametric hypersurfaces themselves.
In the case p = 4, Cartan produced isoparametric hypersurfaces with four principal curvatures of multiplicity one in S 5 and four principal curvatures of multiplicity two in S 9 . He noted all of his examples are homogeneous, each being an orbit of a point under an appropriate closed subgroup of SO(n + 1). Based on his results and the properties of his examples, Cartan asked the following three questions [5] , all of which were answered in the 1970's.
(1) For each positive integer p, does there exist an isoparametric family with p distinct principal curvatures of the same multiplicity? (2) Does there exist an isoparametric family of hypersurfaces with more than three distinct principal curvatures such that the principal curvatures do not all have the same multiplicity? (3) Does every isoparametric family of hypersurfaces admit a transitive group of isometries? These three questions will lead our note from now on, and we will reach to our main goal through answering to these questions, specially second question is more interesting and solution to this one will guide us to find answer for our main goal.
Münzner showed that each isoparametric hypersurface M t in the family separates the sphere S n into two connected components D 1 and D 2 , such that D 1 is a disk bundle with fibers of dimension m 1 + 1 over M + , and D 2 is a disk bundle with fibers of dimension m 2 + 1 over M − , where m 1 and m 2 are the multiplicities of the principal curvatures that give rise to the focal submanifolds M + and M − , respectively. This topological situation has been the basis for many important results in this field concerning the number p of distinct principal curvatures and the multiplicities m 1 and m 2 . In particular, in his second paper, Münzner [18] assumed that M is a compact, connected embedded hypersurface that separates S n into two disk bundles D 1 and D 2 over compact manifolds with fibers of dimensions m 1 + 1 and m 2 + 1, respectively. From this hypothesis, Münzner proved that the dimension of the cohomological ring H * (M, Z 2 ) must be 2α, where α is one of the numbers 1, 2, 3, 4 or 6. He then proved that if M is a compact, connected isoparametric hypersurface with p distinct principal curvatures, then dim H * (M, Z 2 ) = 2p. Combining these two results, Münzner obtained his major theorem that the number p of distinct principal curvatures of an isoparametric hypersurface in a sphere S n must be 1, 2, 3, 4 or 6.
Hence this provides a negative answer for Cartan's first question.
In the next two coming sections we will discuss and provide the answer for the second and third Cartan's questions, respectively.
Homogeneous isoparametric hypersurfaces
Definition 3.1. We say that isoparametric hypersurface is homogeneous if its isometry group acts on it transitively.
If M n−1 ⊂ S n = SO(n + 1)/SO(n) ⊂ (R n+1 ) is an orbit of a subgroup G of SO(n + 1), then M n−1 is homogeneous and has constant principal curvature, so any orbits of such a group forms an isoparametric family in S n .
A classification of homogenous isoparametric hypersurface families follow from a classification of all subgroups G of SO(n + 1) such that the principle orbits of G in S n have codimension 1 considered as a submanifold of S n or, what is the same thing, have codimension two as a submanifold of R n+1 . We say that such an action of G on R n+1 has cohomogeneity two. One can simplify the problem by asking for only those groups G that are maximal in the sense, that there is no subgroup H of SO(n + 1) strictly containing G and having the same orbit as G. There is a list of all maximal isometric action with cohomogeneity two of a compact group G on Euclidean space R n+1 by Hsiang and Lawson, it turns out that this list consist exactly of the isotropy representations (action of Ad ) of rank two symmetric spaces. Hence homogeneous isoparametric hypersurfaces in a sphere are principle orbits of the isotropy representation of a rank two symmetric spaces. We explain it in more explicit way here:
Let G/H = N n+1 be a symmetric space of compact type and consider its Cartan's decomposition to orthogonal symmetric Lie algebra:
where h is Lie algebra of H and p is a subspace of g which can be identified by
Define unit sphere S n in p with respect to the positive definite inner product in p induced from the Killing form of g:
Suppose a = g 0 is a maximal abelian subspace of p, then we have a decomposition of g:
Let ∆ be the set of all positive roots of g with respect to a, and put:
then Takagi and Takahashi [23] proved that: Cartan's list of irreducible symmetric spaces of compact type of rank 2 and preceding theorem lead us to the following table:
The first 4 rows of table prove Pawel Nurowski's claims. A quick look to the this table shows that there are many isoparametric hypersurfaces with 4 principal curvatures such that their multiplicities are not equal, this provides a positive answer to Cartan's second question cited in section 2.
Example 3.1. Only S 7 and S 13 have all possible type of distinct principal curvatures. Here we want to see in detail all isoparametric hypersurfaces of S 7 . Let x = (x 1 , ..., x 8 ) be the coordinate of R 8 and f = F | S 7 , denote k-dimensional sphere with radius "r" by S k (r) :
(3) p = 3 :
where, x = (u, v, x, y, z) ∈ R 2 × C 3 = R 8 , and f −1 (t) ∼ = SU(3)/T 2 =isotropy orbit of SU(3)SU(3)/SU(3). We may emphasize that this case is already our "good" case and we knew this from section 2, and polynomial F (x) corresponds to the second row in the table, it is expression of tensor Υ in SU(3)SU(3)/SU(3) of dimension 8. This polynomial of degree 3 can be modified by considering right order of (x,y,z) in H and O in order to express the tensor Υ by polynomial of degree 3 in SU (6)/Sp(3) and E 6 /F 4 respectively.
F (x) is a homogeneous polynomial of degree 4, and f −1 (t)=isotropy orbit of SO(6)/SO(2)SO(4).
F (x) is a homogeneous polynomial of degree 6, and f −1 (t) ∼ = SO(4)/Z 2 =isotropy orbit of G 2 /SO(4).
Proof of the theorem 3.1 shows that the normal great circles to the family of isoparametric hypersurface are the intersection of Cartan subalgebra with S n . The focal points on a normal great circles are the singular elements in the corresponding Cartan subalgebra that lies in S n , and the number p of distinct principal curvatures relates to the Weyl group of the symmetric space, since the angle between the rays in the boundary of Weyl chamber is π/p. Order of the Weyl group is 2p. Hence the principal curvatures and their multiplicities can be calculated from the roots of the symmetric space.
To give a concrete example take the oriented Grassmanian of two planes G 2 (R n+3 ). Its rank is equal to two and the order of the Weyl group is eight. We therefore get an isoparametric family with p = 4 in S 2n+1 . Its multiplicities can be seen to be 1 and n − 1.
There is a short note of Nomizu [4] from the year 1973 in which he expressed the above example in terms of an isoparametric function on S 2n+1 :
where (x, y) ∈ R n+1 × R n+1 = R 2n+2 .
Example 3.2. Let N 5 = SU(3)/SO(3), then su(3) = so(3) ⊕ p, where p is a vector subspace of su (3), more precisely p = {X ∈ su(3)|X t = X which can be identified canonically by T x N 5 , hence it is 5-dimensional subspace. Consider the orbit
For X ∈ so(3) we have [X, x] = 0 iff X = 0. Hence the map
given by k → Ad(k)x is local diffeomorphism, moreover SO(3) is compact therefore φ is really covering map. SO(3) is three dimensionalmanifold hence dimM = 3, and M is a homogeneous and therefore it is isoparametric hypersurface of S 4 . The tangent space of M at x is
The geodesic in M with initial vector [X, x] at x is given by exp (tX)x exp (−tX). Therefore the shape operator at x with respect to a unit normal vector ξ is given by 
Inhomogeneous isoparametric Hypersurfaces
A systematic approach to find inhomogeneous isoparametric hypersurface was given by Ferus, Karcher and Münzner in [14] who associated to a representation of Clifford algebra C m−1 on R l a Cartan-Münzner polynomial that gives rise to an isoparametric hypersurface with g = 4 principal curvatures in S 2l−1 . Definition 4.1. For each integer m ≥ 0, the Clifford algebra C m is the associative algebra over R, that is generated by a unity 1 and the element e 1 , ..., e m subjected only to the relations
e i e j = e j e i , where i = j , and 1 ≤ i = j ≤ m.
A representation of C m−1 on R l corresponds to a set of skew-symmetric matrices E 1 , ..., E m−1 in the orthogonal group O(l) such that
2. An (n + 1)-tuple (P 0 , ..., P m ) of symmetric endomorphism of R 2l is called a Clifford system if
We define (P 0 , ..., P m ) of symmetric endomorphism on R 2l by P 0 = (x, y), P 1 = (y, x), P i+1 = (E i y, −E i x);
x, y ∈ R l . 
Reducible representations of C m−1 on R l can be obtained by taking a direct sum of k irreducible representation of C m−1 on R δ(m) for l = kδ(m) , k > 1. 
is an isoparametric function defining an isoparametric family with p = 4, and multiplicities (m 1 , m 2 ).
Proof. We need to check that this polynomial satisfies in Cartan-Münzner differential equations (13):
because P i x, P j x P j P i x, x = x, x δ ij . Note that P j P i is skew-symmetric for i = j. Furthermore, ∆F(x) = 4(2l+2) x, x −2 i 2 < P i x, x ∆( P x , x ) + 2|grad P i x, x | 2 = 8(m 2 −m 1 ) x, x , and this completes the proof.
Due to Ferus, Karcher and Münzner, isoparametric hypersurfaces resulting from this theorem are called isoparametric hypersurfaces of FKM-type .
We present a list of the low-dimensional Clifford examples with (m 1 , m 2 ) = (m, kδ(m)− m − 1). In the table below, the case where m ≤ 0 are denoted by a dash. This table not only contains all homogeneous isoparametric hypersurfaces from section 3 with exception of two homogeneous families, having multiplicities (2, 2) and (4, 5) but also many inhomogeneous isoparametric hypersurfaces, because their multiplicities do not agree with the multiplicities of any homogeneous isoparametric hypersurface from the table of previous section. However Ferus, Karcher and Münzner also gave a geometric proof of the inhomogeneity of many of their examples, more precisely they proved following theorem: Theorem 4.2. [14] . Suppose 3 ≤ 3m 1 ≤ m 2 +9, and in case m=4, P 0 , P 1 , P 2 , P 3 = ±Id.
Then the isoparametric family is inhomogeneous.
This theorem says that there are many isoparametric hypersurfaces which do not admit isometry group such that act transitively on the family of isoparametric hypersyrface. Hence this gives negative answer to the third question of Cartan.
Open Questions:
(1) All known examples of isoparametric hypersurfaces with four distinct principal curvatures are either FKM-type or two exceptional homogeneous families, having multiplicities (2, 2) and (4, 5) . But one still does not know whether further examples exist.
(2) If p = 6, then Abresch [1] proved that m 1 = m 2 and there are only the possibilities m 1 = m 2 = 1 , m 1 = m 2 = 2 and we saw in previous section that there are homogeneous example in both cases. In the case of multiplicity m=1, Dorfmeister and Neher [13] showed that an isoparametric hypersurface must be homogeneous, thereby completely classifying that case. The proof of Dorfmeister and Neher is quite algebraic in nature. The classification of isoparametric hypersurfaces with six principal curvatures of multiplicities m = 2 is part of problem 34 on Yau's [26] list of important open problems in geometry, and remains an open problem.
